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ABSTRACT: Instantaneous asymmetry of the distribution of chain segments has been characterized for four
types (linear chain, macrocycle, three-star, four-star) of flexible unperturbed polymers containing fixed bond
angles. Stars contain the same number of atoms in each branch. Results for large polymers are in harmony
with those reported by several previous investigators. Asymmetry of large polymers increases in the order
four-star < macrocycle < three-star < linear chain. Development of the limiting asymmetry is characterized
in each case. Individual principal components of the mean square radius for the four types of molecules
considered reflect differences in both asymmetry and characteristic ratio. Almost all differences in mean
square radius of gyration for these molecules can be attributed to variation in the averaged largest principal
component of the mean square radius when the number of bonds is large. Thus cyclization of a long linear
chain demands a major reduction in the largest principal component but only minor adjustment of the remaining

principal components.

The squared radius of gyration, s?, characterizes the
extension of chain atoms about their center of mass for
a specified configuration of a polymer molecule. Asym-
metry of this spatial distribution can be assessed through
evaluation of the principal components, L,? = L,? = LJ?,
s? =L+ L,>+ Ly’ Interest is focused on departures from
unz,ity Ozf any two independent ratios, such as L,?/L,% and
L2/L

If the polymer molecule is flexible, average extension of
atoms about the center of mass is characterized in a
straightforward manner by the mean square radius of
gyration, (s2). Asymmetry of the spatial distribution,
however, is subject to different definitions which yield
contrasting results. The starting point in each case can
be viewed as the radius of gyration tensor, S,,, for every
accessible configuration, with every S,, expressed in an
internal coordinate system rigidly attached to a specified
part of the molecule. This coordinate system might, for
example, be defined by the orientation of two consecutive
bonds.! One definition of asymmetry utilizes the principal
components ({Sg,) = (Spp) = (Sa), (s2) = (Sy,) + (Sp)
+ (S5,.)) of (8S,s), where (S,;) denotes the average of all
accessible S,,, averaging being accomplished in the internal
coordinate system.! If this definition of asymmetry is

employed, all flexible homopolymers of sufficiently high
molecular weight will be found to possess spherical sym-
metry ((Sz,) = (Syp) = (Sz.)).1"® Smaller polymers will
not have a spherically symmetric spatial distribution. In
such cases asymmetry may depend upon the precise lo-
cation of the internal coordinate system in which the S,
are expressed.??

An alternative definition of asymmetry, and the one to
be employed in the remainder of this work, focuses at-
tention on the average, (L?), i = 1, 2, 3, of the corre-
sponding principal moments for all accessible S,,. This
definition thus permits an assessment of the average in-
stantaneous asymmetry of the spatial distribution. Large
flexible polymer chains are definitely asymmetric when this
definition,*® or one based on the end-to-end vector,’ is
adopted. Furthermore, sufficiently large unperturbed
flexible chain molecules have been found to all have vir-
tually identical asymmetries, as measured by (L,?)/{L?)
and (L4%)/{L,?). Validity of this assertion is illustrated
by results collected in Table I. Monte-Carlo calculations
have been carried out for chains on a cubic lattice*® as well
as for rotational isomeric state models for unperturbed
poly(methylene),! poly(oxyethylene),® and poly(thia-
ethylene).® Averages of these results are (L,?)/(L?) =
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Table 1
Ratios of Averaged Principal Components of the Mean
Square Radius for Unperturbed Flexible Linear Chains

no. of (L,»/ (L}»/

model bonds (L L» ref
Monte-Carlo
cubic lattice 50 0.229 0.085 4
cubic lattice 62 0.231 0.085 6
cubic lattice, 100 0.223 0.086 5
6-choice walk
cubic lattice, 200 0.224 0.082 5
5-choice walk
poly(methylene) ~ 0,225 0.083 1
poly(oxyethylene) = 0,23 0.076 8
poly(thiaethylene) ~ 0.22 0.077 9
analytical
spring bead model = 0,246 0.108 10,11
Table 1I

Asymmetry for Large Flexible Unperturbed
Macrocycles and Stars

(LAHNKL (LKLY
cubic present cubic present
molecule lattice? work lattice? work
three-star 0.334 0.326 0.118 0.116
macrocycle 0.362 0.37 0.154 0.155
four-star 0.412 0.39 0.161 0.153

¢ Reference 12.

0.226 and (L4?)/{L,?) = 0.082. An approximate analytical
approach based on a spring bead model yields somewhat
higher values for these ratios, corresponding to a less
asymmetric spatial distribution.!%!

Large macrocycles on a cubic lattic also have a charac-
teristic asymmetry.l? While rotational isomeric state
treatments of poly(oxyethylene) and poly(thiaethylene)
vield markedly different macrocyclization equilibrium
constants, large macrocycles once formed have essentially
identical asymmetries®® which are in good agreement with
those found for macrocycles on a cubic lattice. Macrocy-
cles, as expected, are found to be much less asymmetric
than large unperturbed flexible acyclic chains. A similar
situation is obtained for sufficiently large unperturbed
flexible three-stars and four-stars, molecules with three (or
four) chains of identical contour length emanating from
a common atom.!? Asymmetries increase in the order
four-star < macrocycle < three-star < linear chain if the
molecule contains a sufficiently large number of atoms!?
(Tables I and II).

Calculations are reported here as a function of the
number of chain atoms for linear chains, macrocycles,
three-stars, and four-stars with fixed bond angles in the
range 80-120°. Attention is given to the manner in which
small polymers of all four types approach the asymmetry
characteristic of extremely large polymers. Changes in
individual (L;2) are also assessed.

Calculations

Each molecule contains n identical atoms connected by
n — 1 identical bonds (n bonds for macrocycles). Long-
range intramolecular interactions are assumed to be com-
pletely compensated by polymer—solvent interactions.
Stars always have the same number of bonds in each
branch. Tetrafunctional branch points have tetrahedral
geometry. All other bond angles are held constant at 120,
110, 100, 90, or 80° (supplements 6 = 60, 70, 80, 90, 100°).
Internal bonds have three rotational states, t and g%, which
are equally probable and independent of rotational states
occupied by neighboring bonds. Dihedral angles for ¢t and
g* states are 0 and £120° for all internal bonds except
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those involving the atom at a trifunctional branch point.
If a trifunctional branch point occurs at C7, rotational
states for bond CP-C” are assigned where there is a trans
orientaton for C*~C?-C*~C? and a trans orientation for
C-Ch-Cr-C¥, If the dihedral angles for these two states
are ¢ (¢ < 90°), the remaining rotational state has ¢ =
180°. Results become independent of bond angle and
rotational state location at the branch point as n ap-
proaches infinity.

Monte-Carlo methods were used to grow 4N molecules,
N in each of four sets, with specified n, 4, and molecular
architecture. The L;? and s? were averaged for molecules
in each of the four sets. Reported standard deviations are
those obtained from averages for the four sets. The value
of N was 15000 for linear chains and three-stars and 250(n
- 13) for four-stars. Chains satisfying criteria for macro-
cycle formation were selected from four sets containing
15000 linear molecules each. Nine different groups were
temporarily selected with the use of all combinations of
I, j in the criteria r% macroeycle/ (7Y acyetic < @; and Af < b,
Here (r?) eyqic is the mean square unperturbed end-to-end
distance for the linear chains, A6 is the absolute value of
the displacement of the bond angle formed on cyclization
from the value found for all other bonds in the chain, the
a; are 0.05, 0.10, and 0.20, and the b; are 15, 30, and 60°.
The final group was selected from the nine temporary
groups by choosing the one containing at least 100 cyclic
chains and having the smallest value of j + 3i. Chains
called “macrocycles” are thus acyclic chains with an ex-
tremely small end-to-end distance. Values of
(r?).macrocyeler/ (%) acyctic Were 0.03 for the largest chains
studied.

Results and Discussion

Linear Chains. Behavior of linear chains as n tends
toward infinity can be predicted from the Monte-Carlo
results collected in Table 1. Since properties of cyclic
chains, to be discussed below, will be evaluated from an
appropriately selected subset of acyclic chains, it is im-
portant to establish the validity of the set of linear chains.
Figures 1-3 achieve this objective. They will also dem-
onstrate the manner in which the limiting asymmetry is
developed.

Figure 1 depicts the characteristic ratio, (s?)/nl? for
linear chains of indicated n and 6. (The characteristic ratio
is defined here as (s?)/nl?, rather than (r?)/ni?, because
{r?)y is zero for macrocycles and ambiguous for stars.) In
each case t and g* states are equally weighted and inde-
pendent of rotational states adopted at neighboring bonds.
The characteristic ratio becomes a linear function of n!
when a sufficient number of bonds is present. Straight
lings are drawn so that the intercept has the value given
by

{¢s?y/nl}, = (1/6)(1 + cos 8)(1 - cos §)! (1)

Chains actually studied attain the asymptotic limit only
when 6 is 90°, The expected intercept is a reasonable
extrapolation of data in the remaining four cases. The
straight lines in Figure 1 have the expected slope,'® when
allowance is made for n in ref 13 to be the number of
bonds, while here n is the number of atoms.

Ratios of averaged principal moments are depicted in
Figures 2 and 3. All but two of the straight lines are given
by eq 2 or 3 (f is in degrees).

(L) /(L% = 0.225 + (-2.18 + 0.02720)n"1  (2)
(Lg% /(L;? = 0.082 + (-2.18 + 0.02778)n"t  (3)
Lines for 8 = 70° in Figure 2 and 8 = 100° in Figure 3 have
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Figure 1. Characteristic ratios vs. n! for linear chains with the
indicated bond angle supplements. Intercepts are the values
expected from theory. Symbols plotted are always as large or
larger than + one standard deviation.
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Figure 2. (L,?)/{L;?) for linear chains with the indicated4. Bars
denote * one standard deviation.

slopes differing by about 10% from those given by eq 2
and 3. Limiting asymmetries are clearly in harmony with
those obtained in earlier Monte-Carlo calculations for
linear chains. Small differences in the results reported
arise from uncertainties in extrapolation and finite sample
size.

Even short chains have asymmetries close to that ob-
tained at the asymptotic limit if @ is near 80°. An increase
in 6 above 80° causes short chains to be less asymmetric
than infinitely long chains. The converse holds if 8 falls
below 80°. Many polymers have 8 near 70°, in which case
asymmetry would be expected to decrease as n increases.
This expectation is confirmed in calculated asymmetries
reported for unperturbed poly(methylene),! poly(oxy-
ethylene),? and poly(thiaethylene).?

Three-Stars. Figure 4 depicts behavior of characteristic
ratios for molecules consisting of three chains emanating
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Figure 3. (Lj?)/(L;* for linear chains with the indicated 6.
Symbols plotted are larger than + one standard deviation.
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Figure 4. Characteristic ratios for three-stars with indicated 4.
Each branch contains the same number of bonds. Symbols plotted
are as large or larger than + one standard deviation.

from a trifunctional branch point. Intercepts are those
given by

[(s?y/nl?]. = g(1/6)(1 + cos O)(L - cos 6)1  (4)

where g is equal to 7/,. This value for g was originally
obtained with the use of random flight statistics.’* Ro-
tational isomeric state theory also yields this value if the
branches contain a sufficiently large number of bonds.®
Expected intercepts represent reasonable extrapolations
of data for each 6.

Ratios of averaged principal components are depicted
in Figures 5 and 6. Limiting values, 0.326 for {L,%)/{L,%)
and 0.116 for (L4?)/(L+?), are in good agreement with those
obtained previously with the use of a cubic lattice.!? These
limiting ratios are in each case closer to unity than those
obtained with the linear chains, as expected.’? A change
from linear chain to three-star increases the limiting
(Ly%)/(L%) by 45%, while (Lg4?)/(L,?) rises it by 41%.

Values of (L,%)/(L*) of three-stars for which compu-
tations were actually performed are slightly higher than
those obtained in the limit as n approaches infinity. This
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Figure 5. (L.?)/{L?) for three-stars with bond angle supple-
ments of 60, 70, 80, 90, or 100°. At a particular n the larger
(Lg% /(L ®) are obtained with the larger bond angle supplements.

A typical * one standard deviation is noted; ¢ is roughly inde-
pendent of n and 6.
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Figure 6. (Ls?)/(L,?) for three-stars with indicated . Symbols
plotted are larger than + one standard deviation.

situation is in contrast to that seen with linear chains,
where (L,?)/(L,%) at small n was lower than that obtained
at infinite chain length if 6 was less than about 80°. The
general behavior of (Ls®)/(L,?) for three-stars at small n,
on the other hand, is reminiscent of that seen with linear
chains. Straight lines in Figure 6 are given by

(Lg?) /(L%) = 0.116 + (-2.756 + 0.03666)n!  (5)

If the three-star has # greater than about 75°, its asym-
metry will increase as n increases. A more complicated
situation exists if 6 is less than 75°, for then (L,?)/(L,%)
decreases, but (Ls?)/(L,?) increases as n approaches in-
finity.

Even though unperturbed triglycerides are much more
complicated than the three-stars considered here, they still
exhibit behavior in accord with conclusions reached above.
Thus (L,%)/(L;%) decreases as the number of carbon atoms
in the acyl substituents increases. It attains a limiting
value of about 1/, In contrast, (Ls?)/(L?) increases
slowly as the fatty acid substituents proceed from acetyl
to stearyl. This is the result expected from Figure 6 if the
effective 8 for triglycerides is close to the 68° appropriate
for a poly(methylene) chain.! The asymptotic limit for
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Figure 7. Characteristic ratios for four-stars with indicated 6.
Each branch contains the same number of bonds. Symbols plotted
are larger than % one standard deviation.
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Figure 8. (L,%)/(L,*) for four-stars with bond angle supplements
of 60, 70, 80, 90, or 100°. At a particular n the larger (L,?)/(L.?)
are obtained with 6 = 60°. A typical £ one standard deviation
is noted; o is roughly independent of n and 6.

{L3?y/(L{*) is not attained by triglycerides of physiolog-
ically interesting size. The ratio of {L3%) to {(L,?) is about
1/, for unperturbed tripalmitin, tristearin, and triolein.!®

Four-Stars. Characteristic ratios for molecules con-
sisting of four chains emanating from a common atom are
depicted in Figure 7. Intercepts are those specified by
eq 4 with g = 3/4, in accord with random flight statistics'
and the limiting behavior obtained with the use of rota-
tional isomeric state theory.!® In each case the expected
intercept represents a reasonable extrapolation of the data.

Figures 8 and 9 present ratios of averaged principal
components of the mean square radius. Limiting values
are 0.390 and 0.153, which in each case are closer to unity
than results obtained with linear chains or three-stars, as
expected. Calculations performed on a cubic lattice yield
ratios higher by about 5%. The change from linear chain
to four-star increases the limiting (L,%)/(L,%) by 72% and
(Lg?)/{Ly*) by 88%.

As was the case with three-stars (but not linear chains),
{Ls%)/(L,?) at all 6 used decreases as n increases through
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Figure 9. (L3*)/(L,%) for four-stars with indicated 8. Symbols
plotted are the size of a typical + one standard deviation.
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Figure 10. Characteristic ratios for macrocycles with indicated
a.

the range for which computations were executed. In
contrast to both linear chains and three-stars, at all 6 used
(Lg% /(L,?) decreases as n increases. Four of the five
straight lines in Figure 9 are drawn according to

(Lg% /(Ly?) = 0.153 + (-1.883 + 0.03179)n"!  (6)

The line for # = 100° has a slope 6% higher than that
predicted by eq 6. Asymmetry of four-stars with all 6
considered becomes more pronounced as n increases. This
behavior is expected because the four-star with four
ide2ntica12bonds and a tetrahedral branch point has L,? =
LZ = L3 .

Macrocycles. Data for macrocycles are depicted in
Figures 10-12. Standard deviations are much larger than
those obtained with linear chains, three-stars, and four-
stars because of the much smaller sample size (see Cal-
culations). Characteristic ratios are depicted in Figure 10.
Straight lines have intercepts given by eq 4 with g = 1/,.17
In each case this intercept represents a reasonable ex-
trapolation of the data.

Figure 11 depicts (L,?) /(L) at the five 6 used. Straight
lines are drawn according to the equation

(Lg% /(L) = 0.37 + (-2.18 + 0.03480)nL  (7)

Consequently the slope is negative if 4 is less than about
63°. The 4 at which the slope is zero might differ some-
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Figure 11. (L,?)/(L,®) for macrocycles with indicated 6.
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Figure 12. (Ls?)/(L*) for macrocycles with the following 6: (¥)
60°; (a) 70°; (@) 80°; (A) 90°; (¥) 100°. A typical * one standard
deviation is noted; o is roughly independent of n and 6.

what from 63° because of the uncertainty in the data
points arising from the small sample size. Nevertheless,
macrocycles having tetrahedral bond angles quickly attain
a value of (L,?)/(L;%) which is essentially that found at
the limit as n goes to infinity.

The behavior of (L4?)/(L,?) at small n is reminiscent
of that seen with linear chains and three-stars (but not
four-stars). Lines in Figure 12 have a positive slope if 8
is greater than 77°. They are drawn according to

(Lg% /(L% =0.155 + (-3.91 + 0.05076)n"!  (8)

Macrocycles with tetrahedral bond angles show an increase
in (Ls%)/(L,%) as n increases. This behavior is exhibited
in calculated asymmetries of macrocycles formed from
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Figure 13. Ellipses whose axes are scaled according to [(L?)/
(s?)1c]/% The horizontal line in each case has a length of 2 on
this scale. The values for i are 1 and 2 in (a), 1 and 3 in (b), and

2 and 3 in {c). Symbols are LC for linear chain, 3S for three-star,
4S for four-star, and M for macrocycle.

poly(oxyethylene)® and poly(thiaethylene).’

Ezxcellent agreement is obtained between the limiting
asymmetries reported here for macrocycles and those ob-
tained previously on a cubic lattice.!? Limiting values of
(Ly?)/(L:?) and (Lg4?)/{L?) are nearly identical for
four-stars and macrocycles. Hence the asymmetry of a
large flexible macrocycle is not easily distinguished from
that of a large flexible four-star.

Averaged Principal Components of the Mean
Square Radius. The above discussion of asymmetries
focused attention on ratios of averaged principal moments
for a given bonding pattern. Now attention is directed to
the manner in which (L;?) for each i varies for linear
chains, three- and four-stars, and macrocycles. Differences
arise because alterations in asymmetry and characteristic
ratio each affect (L;2). Discussion will be confined to the
case where n is large enough to justify use of the limiting
results. The necessary information is therefore obtained
by dividing all (s?) and (L;?) by (s?},., the mean square
unperturbed radius of gyration of the linear chain having
the same § and number of bonds. Numerical results are
collected in Table III. A pictorial representation is
presented in Figure 13. Here are drawn ellipses whose
axes are scaled according to the [(L?)/(s%);.]'/% The view
is along the axis whose principal component is L5?, Ls% and
L.?* in Figure 13a,b,c, respectively.

The principal component most affected is seen to be the
largest. Its average value increases in the order macro-
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Table III
Relative Sizes of Averaged Principal Components of the
Mean Square Radius for Large Flexible Unperturbed
Linear Chains, Macrocycles, Three-Stars, and Four-Stars?

Y &L/ (L b/ (s®/
molecule LI 8110 61e LI
linear 0.765 0.172 0.0627 1
three-star 0.495 0.162 0.0575 7/9
four-star 0.405 0.158 0.0620 5/8
macrocycle 0.328 0.121 0.0508 1/2

@ ¢s*), denotes the mean square unperturbed radius of
gyration for a long linear chain containing the same num-
ber of bonds.

cycles < four-stars < three-stars < linear chains. A change
from linear chain to either of the stars produces such a
small effect on (L,?) and (L%} as to be barely perceptible
on the scale used in Figure 13c. Macrocycles have slightly
smaller values for these two averaged principal components
of the mean square radius. Nevertheless, it is still a useful
approximation to view cyclization of a long linear chain
as demanding a major reduction in (L,?) and only minor
adjustment of (L;?) and (Ls%). This behavior has been
noted with poly(oxyethylene)® and poly(thiaethylene).®

The foregoing discussion suggests a physical property
determined by the instantaneous distribution of atoms
along the major principal axis will be more sensitive to
change from linear chain to macrocycle or a three- and
four-star than predicted by the effect on (s2). On the other
hand, a physical property determined by the instantaneous
distribution perpendicular to this axis will be nearly
identical for these four types of molecules.
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